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Abstract The estimation of probability densities based on
available data is a central task in many statistical applica-
tions. Especially in the case of large ensembles with many
samples or high-dimensional sample spaces, computation-
ally efficient methods are needed. We propose a new method
that is based on a decomposition of the unknown distribu-
tion in terms of so-called distribution elements (DEs). These
elements enable an adaptive and hierarchical discretization
of the sample space with small or large elements in regions
with smoothly or highly variable densities, respectively. The
novel refinement strategy that we propose is based on sta-
tistical goodness-of-fit and pairwise (as an approximation to
mutual) independence tests that evaluate the local approxi-
mation of the distribution in terms of DEs. The capabilities
of our new method are inspected based on several examples
of different dimensionality and successfully compared with
other state-of-the-art density estimators.
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1 Introduction

In this work, we propose a new method for estimating a
probability density p(x) of the random variable vector X at
position x = (x1, . . . , xd)⊤ of the bounded, d-dimensional
probability space Ω based on a given ensemble of n samples
x1, . . . , xn . Unlike other methods, our approach is applicable
for large and/or high-dimensional datasets. Density estima-
tion methods are essentially categorized into parametric and
nonparametricmethods (e.g., Härdle et al. 2004; Scott 2015).
While we focus in this work on the development of a non-
parametric approach, our method can be viewed as a hybrid
between the two categories (Yang 2008). Therefore, before
we focus on nonparametric methods, we start the following
literature review by briefly explaining the concept of para-
metric density estimation.

In parametric density estimation, a parametric density
model p(x|θ) is given in analytical form. With the parame-
ters θ = (θ1, θ2, . . .) estimated from the available data, we
arrive at a complete density characterization. This characteri-
zation can be evaluatedwith statistical tests ormore precisely
composite goodness-of-fit tests such as for example the χ2

test of Pearson (1900). Here, for a given significance level α,
we either do not reject the null hypothesis p(x) = p(x|θ)
and reject the alternative p(x) ̸= p(x|θ) or vice versa. For
small ensembles, these tests lose their power meaning that
they become unable to detect alternatives and instead do not
reject the null hypothesis (e.g., Steele and Chaseling 2006).
Parametric density estimation is of limited generality, since
a predefined density model is needed.
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Nonparametric density estimation is more general as no
parametric density model is required. A widely used rep-
resentative from this category of density estimators is the
histogram (Fix and Hodges 1951; Scott 2015, section 3).
Here, the probability space is typically discretized into
equally spaced bins and the probability density within one
bin is set proportional to the number of samples in that bin.
To determine the bin width h, the mean integrated square
error (MISE), or more precisely its asymptotic approxima-
tion referred to asAMISE, isminimized for caseswith known
p(x); leading for example with a Gaussian p(x) to an h
given by the so-called normal reference rule [Härdle et al.
2004, equation (2.26)]. Histograms are conceptually simple,
but have certain drawbacks. First of all, they are relatively
inaccurate andwith the overall number of bins growing expo-
nentially with the number of dimensions d, conventional
histograms become prohibitive in cases with large d (Scott
2015, section 3.4.1). More economical and possibly accurate
variants with adaptive bin widths are available (e.g., Kogure
1987). These variants attempt to better resolve regions with
large density variation with finer bins, while using larger bins
inmore uniform areas.Adaptive histograms rely on estimates
of gradients of p(x) or the use of percentile meshes (Scott
2015, section 3.2.8).

One possible generalization of histograms is the cubic log-
spline (Kooperberg and Stone 1991). Here, the
one-dimensional probability space is partitioned into bins
like in a histogram, but within a bin, a parametric model in
the form of a cubic polynomial or spline is applied. The bin
bounds or knots are placed subject to a rule that was derived
based on experience in fitting log-spline models (Kooper-
berg and Stone 1991, section 5.1). The coupled polynomial
coefficients or spline parameters in turn are determined
numericallywith aNewton–Raphsonmethod bymaximizing
the likelihood of the log-spline estimator. The overall number
of knots is either calculated by a predefined rule or sequential
knot-deletion. A related approach that is applied in multi-
variate settings is the so-called polynomial histogram. Here,
the density in a bin varies according to a linear, quadratic, or
higher-order polynomial (Scott and Sagae 1997; Jing et al.
2012). Unlike in the log-spline method, the polynomial coef-
ficients are determined locally based on statistical moments
estimated within individual bins (conditional moments). The
use of higher-order polynomials enables the use of larger
bins globally while maintaining the same MISE compared
to conventional histograms (Jing et al. 2012, table 1). This
is because to some extent the density variation is accounted
for already at the level of an individual bin. Especially in
cases where d is large, this reduces computational costs. So
far, equidistant and prescribed non-equidistant bin gridswere
considered (Jing et al. 2012; Zaunders et al. 2016).

Besides histograms, a second important category of non-
parametric methods is kernel density estimation (KDE)

(Rosenblatt 1956; Sheather 2004). Here, samples are not
grouped into bins, but are equipped with kernel functions,
e.g., triangular, Gaussian (Silverman 1998, table 3.1). Sim-
ilarly like the bin width in histograms, kernels have a
certain support or bandwidth h. Optimal global bandwidths
were determined with AMISE analysis based on second-
order derivatives of p(x) [e.g., Scott 2015, equations (6.18)
and (6.50)]. Adaptive more accurate methods that reduce the
bandwidth in dense areas and use wider kernels in sparse
regions have been documented (e.g., Loftsgaarden and Que-
senberry 1965; Achilleos and Delaigle 2012), but are not
completely satisfactory yet. For example, Scott (2015, sec-
tion 6.8) summarized quite recently: ‘Adaptive methods hold
much promise, but usually introduce many new parame-
ters that are difficult to estimate, and frequently introduce
artifacts of the sample (rather than the underlying den-
sity).’ Certain efficient spectral KDE implementations rely
on bandwidths that are constant within different directions
xi in probability space (e.g., O’Brien et al. 2016; Silver-
man 1998, section 3.5). The highly cited KDE method
of Botev et al. (2010) on the other hand is adaptive, is
available in the form of an efficient spectral implementa-
tion (Botev 2007), and reduces boundary bias effects of
existing KDE approaches. Recently, a new KDE method
for bounded domains that eliminates boundary bias issues
was presented in the context of functional data analysis by
Petersen and Müller (2016). A high-dimensional implemen-
tation of the method of Botev et al. (2010) was recently
made available, where the cost per density query scales as
an exponential fraction of the number of samples (Botev
2016). Alternative KDE methods were summarized in (Park
and Marron 1990; Park and Turlach 1992; Cao et al. 1994;
Jones et al. 1996; Silverman 1998; Härdle et al. 2004; Scott
2015).

A density estimator for exponential families—which is a
broad class of densities—that has superior convergence prop-
erties compared to KDE was presented by Sriperumbudur
et al. (2013). This estimator is based onminimizing the Fisher
divergence and requires the solution of an (nd+1)×(nd+1)
linear system. Most interestingly, the advantage to KDE
growswith increasing dimensionality d aswas shownnumer-
ically.

Density estimation based on mixture distributions can be
viewed as a generalization of KDE, where the unknown
distribution is expressed like in KDE as a superposition of
probability densities (e.g.,Wang andWang2015). These den-
sities are referred to as mixture models, and each mixture
model is associated with an ensemble subset containing—
unlike in KDE—multiple samples. In this context, the
so-called Dirichlet process mixture models, that go back
to (Ferguson 1973), have received renewed attention after
progress was made in the numerical estimation of mixture
parameters (e.g., Neal 2000).
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To arrive at an efficient adaptive method, tree-based
approaches have been proposed more recently (e.g., Ram
and Gray 2011; Wong and Ma 2010; Jiang et al. 2016).
These approaches start from the probability space C = Ω ,
which is typically assumed to be a d-dimensional hypercube.
The root cube Ω , or cuboid to be more precise, is recur-
sively subdivided into smaller cuboids, e.g., C1 and C2 with
C = C1

⋃
C2, based on suitable conditions. More specif-

ically, Ram and Gray (2011) discussed density estimation
trees or shorter density trees that are derived from decision
trees (Breiman et al. 1984) and are constructed based on opti-
mal split operations of cuboids at tree nodes. These splits are
optimal in the sense that they maximally reduce the integral
square error (ISE), i.e., ISE(C) > ISE(C1)+ ISE(C2). The
optimum is found from all possible splits in each dimension.
The large number of possibilities renders the method expen-
sive for large datasets [Ram and Gray 2011, equation (9)].
A preset lowest threshold is set to stop the splitting. The
splitting process is followed by a tree pruning and cross-
validation step. The resulting tree or more precisely its leafs
provide a histogramwith adaptive bin widths. The tree struc-
ture enables a fast density estimation at a cost proportional
to the tree depth.

Wong and Ma (2010) and Jiang et al. (2016), on the
other hand, have introduced and numerically implemented,
respectively, the optional Pólya tree (OPT) method. In this
approach, cuboids C are partitioned and uniform cuboid
probability densities p(x|Ci ) (or q(x|Ci ) in their work)
are assigned according to probabilistic processes involving
Bernoulli and Dirichlet random numbers, respectively. The
random partitioning process relies on selection and stopping
probabilities, λi (C |x) and ρ(C |x), respectively, that are cal-
culated based on a recursive expression (equation (2.1) in
Jiang et al. 2016) that necessitates partitioning down to sub-
regions with either zero or one sample. This leads to a close
to exponential growth in computing time as a function of
the number of dimensions (Jiang et al. 2016, figure 1). As a
remedy, in naive inexact OPT (NI-OPT) partitioning limits
were introduced like smallest number of points in subregions
or smallest size of subregions to arrive at manageable trees.
Moreover, limited-lookaheadOPT (LL-OPT) introduces two
additional tuning parameters that control the tree depth for
the recursive calculation and thus help to reduce memory
requirements and computing times of OPT and NI-OPT. The
density estimates p(x) that result fromOPT implementations
are piecewise uniform within subregions C or bins and are
adaptive within individual dimensions.

To relate back to our initial discussion on parametric
methods, Ma and Wong (2011) outline an OPT method for
goodness-of-fit testing of large datasets against a given base
distribution p0 (or q0 in their work). Here, instead of uni-
form cuboid probability densities, p0 is used, but otherwise
the OPT methodology of Wong and Ma (2010) applies. As

a measure of the overall goodness-of-fit, the integral stop-
ping probability ρ(Ω) was proposed (Ma and Wong 2011,
section 3).

In the present contribution,we develop a newnonparamet-
ric density estimator that is adaptive and cost efficient. In view
of the so-called curse of dimensionality, that is diminishing
MISE convergence rates for increasing dimensionality [e.g.,
Scott 2015, equation (3.67)], methods that enable the treat-
ment of large datasets at small computational costs become
important. While our method adopts certain features from
the previously introduced polynomial histograms and tree-
based techniques, our new method is, however, conceptually
and algorithmically simpler and computationally more effi-
cient compared to these approaches.

Our development starts by recognizing that a histogram
is essentially a collection of disjoint piecewise uniform dis-
tributions. In a histogram with equally sized bins, depending
on the true density distribution, a uniform approximation
may be accurate in certain bins, while inaccurate in oth-
ers. Like in the context of parametric methods, we could
apply a statistical test to evaluate the goodness-of-fit of the
data in individual bins against a uniform null hypothesis.
Thus, a natural recursive way of constructing a histogram
emerges: Ω is defined as a root hypercuboid that encloses
the available data. With a suitable goodness-of-fit test, it is
tested whether the uniform null hypothesis is adopted at a
given significance level based on the data in the cuboid. If
not, the root cuboid is split and the testing and splitting is
recursively repeated for all cuboids resulting from this and
subsequent splits. Eventually, the test will adopt the uniform
hypothesis in all resulting subcuboids. This is because the
power of the test diminishes as the number of samples in
each subcuboid becomes smaller during consecutive split-
ting. Finally, an adaptive histogram results, where in each
bin the uniform distribution is supported by a positive out-
come of a goodness-of-fit test. This approach is not entirely
nonparametric as a significance level has to be prescribed.
The nested spatial arrangement of cuboids and subcuboids,
that is organized in a tree structure, enables the fast query of
density estimates locally.

To further reduce the number of bins, a next step is to
apply instead of uniform or constant bin-densities linear or
higher-order densities similar to polynomial histograms. The
corresponding polynomial coefficients are derived from the
bin data, and a composite goodness-of-fit test is applied. In
this sense, the proposedmethod is a hybrid between paramet-
ric and nonparametric density estimation. With the density
inside a bin being a polynomial of a certain order, that approx-
imates the density distribution locally, we refer to it as a
distribution element (DE). Since the resulting density esti-
mate is given in the form of a tree with DEs at its leafs, we
refer to our approach as DE tree (DET) density estimator. In
Sect. 2, we provide details about the formulation of the DET
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estimator and in Sect. 3 present comparative applications.
Concluding remarks are provided in Sect. 4.

2 Formulation

We aim at accurately estimating the probability density p(x)
at different positions x = (x1, . . . , xd)⊤ ∈ Ω based on a
given ensemble including n samples x1, . . . , xn . The proba-
bility space Ω is defined by a hypercuboid, i.e.,

Ω =
d∏

i=1

[xi,l , xi,u],

with lower and upper bounds xi,l and xi,u , respectively, of
components xi such that x j ∈ Ω ∀ j = 1, 2, . . . , n. This
condition is, for example, met if

xi,l =
n

min
j=1

xi, j and xi,u = n
max
j=1

xi, j ,

where xi, j refers to the i th component of sample x j .1 In our
method, Ω is split recursively into m smaller hypercuboids
or simply cuboids

Ck =
d∏

i=1

[xki,l , xki,u] ⊂ Ω

with k = 1, 2, . . . ,m. The cuboidsCk are disjoint and satisfy
Ω =⋃m

k=1 Ck . A cuboid Ck comprises together with a local
density pk(x) the kth DE. Based on all DEs, the DET density
estimator is then given by

p(x) =
m∑

k=1

pk(x) ∀ x ∈ Ω. (1)

In Sect. 2.1, we define pk(x), and in Sect. 2.2, we introduce
the recursive splitting method that leads to the DET density
estimator.

2.1 Distribution elements

Similar to a bin in a histogram, a DE can be viewed as the
least complex building block or atom of a density distribution
estimate or DET. Therefore, we chose a simple analytical
form that is suitable to approximate the density in a small

1 Fixing the domain bounds based on the data range leads to bounds
that are almost certainly too narrow. Accordingly, the resulting density
estimates will display a bias toward too high values.

subregionCk ofΩ .We define the probability density of DE k
as

pk(x) =

⎧
⎪⎨

⎪⎩

n(Ck)

n

d∏

i=1

p[xi |θ i (Ck)] ∀ x ∈ Ck

0 otherwise,

(2)

where p[xi |θ i (Ck)] are marginal densities of components xi
with local parameter vectors θ i and n(Ck)/n is the fraction
of all samples n that reside in Ck . Therefore, in each DE, the
random variables Xi are approximated as statistically inde-
pendent. This has important implications, since it enables us
to break the exponential growth of bins in terms of d as will
become clear in the next section.

Insertion of expression (2) in Eq. (1) and integration
over the entire probability space Ω reveals that, since∑m

k=1 n(Ck) = n, the DET estimator integrates to one and
therefore satisfies the normalization condition of a proba-
bility density function (PDF). Moreover, if p[xi |θ i (Ck)] ≥
0 ∀ xi ∈ [xki,l , xki,u], the DET estimator is nonnegative for
x ∈ Ω and therefore is a PDF.

With the uniform marginal density

p[xi |θ i (Ck)] =
1

xki,u − xki,l
, (3)

which defines a so-called constantDE,we obtain fromEq. (2)

pk(x) =
n(Ck)

n
1

∏d
i=1(x

k
i,u − xki,l)

,

which is the familiar density in a histogram bin (e.g., Scott
2015, section 3.4). Similarly, the density of a linear DE is
given as

p[xi |θ i (Ck)] =

(
xi−xki,l
xki,u−xki,l

− 1
2

)
θi,1(Ck)+ 1

xki,u − xki,l
, (4)

where θi,1(Ck) is a slope parameter. We notice that a linear
DE with θi,1 = 0 is equivalent to a constant DE. To estimate
the slope based on the data points inside Ck , we apply the
following minimum mean square error (MMSE) estimator

θi,1(Ck) =
n(Ck)si (Ck)

3

n(Ck)si (Ck)2 + 144⟨X ′2
i |Ck⟩

(5)

with si (Ck) = 6(2⟨Xi |Ck⟩−1). Here, the quantities ⟨Xi |Ck⟩
and ⟨X ′2

i |Ck⟩ are the mean and variance estimates based on
component xi of the samples contained in cuboid Ck . A
derivation of the MMSE slope estimator (5) is included in
“Appendix”. To make sure that p[xi |θ i (Ck)] ≥ 0, we clip
θi,1(Ck) such that θi,1(Ck) ∈ [−2, 2]. In this work, we focus

123



Stat Comput (2018) 28:609–632 613

on DEs with uniform and linear marginal PDFs, but higher-
order DEs are conceivable as well.

It is pointed out that the polynomials (2) are differently
constructed compared to the ones applied by Jing et al. [2012,
equations (5) and (6)]. Our DE classification is based on the
marginal densities p[xi |θ i (Ck)], while Jing et al. classify the
expanded polynomial pk(x) and allow for statistical depen-
dence among the components xi .

2.2 Distribution element tree

For the construction of the DET density estimator (1), a con-
stant or linear DE is assigned to the probability space Ω or
root cuboid depending on the required order. To verify for the
root DE or any subsequent DE k whether the data included
in Ω or Ck are compatible with DE density (2), we apply
goodness-of-fit tests for the marginal distributions and test
independence of the joint distribution. This testing approach
is directly implied by the structure of theDEdensity (2). (a) If
one or several of these tests fail, meaning that the null hypoth-
esis given by DE density (2) is rejected, the distribution of
the data withinCk is most likelymore complex (and there are
sufficient datawithinDE k for rejecting). Consequently,DE k
is considered interim and a split along one or two probability
space directions is conducted. Next, the testing and splitting
process continues for each of the resulting two or four DEs.
On the other hand, (b) if DE k passes all tests or contains no
data, the splitting process stops, DE k is final, and becomes
one of the m DEs that are part of the DET density estima-
tor (1). During the outlined estimator construction process, a
tree is emerging with its root given by the DE onΩ , branches
to interim DEs resulting from DE splits, and final DEs at the
leafs of the tree. More details about the testing and splitting
processes follow in the next few paragraphs.

2.2.1 Splitting

If a split of DE k on cuboid Ck along dimension xi is con-
ducted, cuboid Ck is split either into subcuboids with equal
volume (equal-size split) or subcuboids with approximately
equal number of samples (equal-score split). If splits in direc-
tions xi and x j are to be conducted, we first split along
direction xi and then split each of the two resulting DEs
along x j .

2.2.2 Goodness-of-fit testing

To verify whether the data in DE k are compatible with den-
sity (2), we apply a two-stage testing sequence. First, we
apply goodness-of-fit tests in each of the d directions xi to
verify whether themarginal distributions of the data are com-
patible with the null hypothesis given by the marginal DE
densities (3) or (4), depending on the DE order. If in one

or several directions the null hypothesis is rejected, we split
along the rejecting directionwith the smallest p-value. In this
work, we focus on Pearson’sχ2 goodness-of-fit test (Pearson
1900) with significance level αg .

This test was originally developed for categorical data,
but is often used for continuous variables as well with the
continuous data grouped into classes (e.g., Mann and Wald
1942).We define the classes such that the number of samples
in

nc = min

⎡

⎣n
5
, 4

5

√
2(n − 1)2

c2

⎤

⎦ (6)

classes, with c =
√
2 erfcinv(2αg), is approximately equal.

Here, erfcinv is the inverse complementary error function. In
expression (6), the first contribution n/5 is the rule of thumb,
stating that each class should contain at least five samples
(Cochran 1952, section 7), and the second contribution was
proposed by Mann and Wald (1942, theorem 1) and maxi-
mizes the power of the χ2 test under certain conditions. With
constant and linear DEs, the χ2 test is conducted with nc −1
and nc−2 degrees of freedom, respectively (composite test).

To investigate the influence of the goodness-of-fit test on
the performance of the DET method, we apply in Sect. 3.5
in addition to the previously mentioned χ2 goodness-of-fit
test a Kolmogorov–Smirnov (KS) test (Smirnov 1948). Even
though the KS test is a nonparametric test in the sense that no
discrete classes have to be prescribed, we favor the χ2 test
for reasons of computational efficiency and convenience in
cases where large samples and composite tests are involved,
respectively.

2.2.3 Independence testing

Second, if d > 1 and all tests concerning the marginal distri-
butions are passed without any split, we verify whether the
components of the data in DE k are pairwise independent and
thus approximately compatible with DE distribution (1). We
point out that this approach is approximate, since (mutually)
independent random variables, as represented by distribu-
tion (1), are pairwise independent, but for d > 2 pairwise
independence does generally not implymutual independence
(Papoulis 1991, p. 184). If not stated otherwise, we apply
Pearson’s χ2 independence test (Pearson 1900) with sig-
nificance level αd for pairs of components xi and x j with
i = 1, 2, . . . , d − 1 and j = i + 1, i + 2, . . . , d. We use
contingency tables with classes such that the samples are
equally distributed among

√
nc classes in the xi - and x j -

direction (Bagnato et al. 2012, section 3.1). Moreover, a χ2

distribution with (
√
nc − 1)2 degrees of freedom is applied.

To inspect the role of the independence test statistic on
the performance of the DET method, we apply in Sect. 3.5
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for comparison an independence test based on Kendall’s
τ (Kendall 1938). However, for reasons of computational
efficiency in high-dimensional cases, we favor the χ2 inde-
pendence test.

If for one or several component pairs the independence
null hypothesis is rejected, DE splitting is done along
the components of the rejecting pair with the smallest p-
value. Within component pairs, the component with smallest
goodness-of-fit p-value is split first.

2.2.4 Computational cost

The outlined approximate testing sequence avoids the initia-
tion of simultaneous splits in more than two directions, and
therefore, the DET estimator is not subject to the exponential
growth of bins in terms of d. At each DE in the tree, (a) d
goodness-of-fit tests are conducted and if d > 1 and no split
was induced by these tests, (b) of the order of d2/2 pairwise
independence tests follow. This testing sequence is applied at
each tree node, that is each interim and final DE. In the case
of score-based splitting, an upper bound for the number of
interim and final DEs, that determines the DET construction
cost, exists. If each final DE contains just one sample, the
maximal possible number of final DEs m = n. Moreover, if
n can be expressed as an integer-valued power of two, the
number of all interim and final DEs is equal to

1+ 2+ 4+ 8+ . . .+ n/2+ n = 2n − 1. (7)

Here, the sum starts with 1 representing the root DE and after
multiple generations of binary splits ends with n final DEs.
If n cannot be written as an integer power of two, the next
larger integer that is a power of two is n′ = 2ceil[log2(n)],
which satisfies n < n′ < 2n. Then based on result (7), an
upper bound for the number of all interim and final DEs is
given by 2n′ − 1 < 4n − 1. To summarize, when applying
equal-score splits, the computational effort for the DET con-
struction scales in the worst case linearly with the number of
samples n.

To evaluate the density estimate (1) at a certain location x,
i.e., p(x), the sum (1) involving m final DEs could be eval-
uated. A more efficient approach, however, exploits the tree
structure of the DET estimator: The only nonzero term in
sum (1) can be quickly identified by starting at the root DE
and by sequentially identifying at the DET forks the interim
DE l where x ∈ Cl . After of the order of nt decision opera-
tions, where nt is the number of DE splits or tree depth, the
leaf or final DE k is reached that contains point x. Typically
nt ≪ m < n, which renders the DET estimator computa-
tionally efficient for density queries. In the next few sections,
we document the capabilities of the DET density estimator
for a range of test cases.

3 Density estimation with the DET method

For the following computations, if not mentioned otherwise,
significance levels αg = αd = 0.001 were applied. All
computations were carried out on a state-of-the-art laptop
computer with a 2.8GHz Intel Core i7 processor. We inspect
the accuracy of the DET estimator for a diverse set of one-,
two-, four-, and seven-dimensional cases in the following
three sections. To this end, we estimate the MISE defined as
〈∫

Ω
[ p̂(x) − p(x)]2 dx

〉
, (8)

where p̂(x) with x ∈ Ω , given for example by the DET
method (1), is an estimate of the exact PDF p(x) based on
an ensemble of samples and angular brackets represent the
expectation with respect to that ensemble. To put our results
into perspective with state-of-the-art density estimation, we
compare against the adaptive KDE method of Botev et al.
(2010), the density estimation tree or in short density-tree
method of Ram and Gray (2011), the LL-OPT estimator
of Jiang et al. (2016), and finally a conventional histogram,
where the bin width in each dimensionwas determined based
on the normal reference rule [Scott 2015, equation (3.66)].

To numerically evaluate the integration over probability
space Ω in the MISE (8), we applied for d = 1 and 2
trapezoidal rules with equidistant Cartesian grids. As an
exception to this, an exponentially stretched grid was applied
for the one-dimensional gamma PDF example (following in
Sect. 3.1.6) to better resolve the region of high probabil-
ity near the origin. To assert the accuracy of the resulting
MISE, adaptive quadraturemethods as outlined by Shampine
(2008a, b) were applied as well, leading to virtually the same
results as with trapezoidal rules. In connection with the DET
estimator, here the integration region Ω was decomposed
among all DEs and adaptive quadrature was applied in each
element individually. For the four- and seven-dimensional
cases, quadrature or trapezoidal rules become too expensive
and we resorted to Monte Carlo (MC) integration instead. To
this end, we rewrite the MISE (8) as
〈∫

Ω

[
p̂(x)2

p(x)
− 2 p̂(x)+ p(x)

]
p(x) dx

〉

=
〈

lim
n→∞

1
n

n∑

j=1

[
p̂(x j )

2

p(x j )
− 2 p̂(x j )+ p(x j )

]〉

, (9)

with samples x j distributed as prescribed by PDF p(x).
Computationally efficient spectral KDE implementations

for d = 1 and 2, that operate on equidistant Cartesian grids,
are available (Botev 2007). Since these implementations
become prohibitive for d > 2, an alternative was recently
provided by Botev (2016). However, here similar to conven-
tional KDE the computational effort per density evaluation
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Fig. 1 PDF estimates resulting from (blue thin solid) adaptive KDE
and (red thick solid) the size-split DET method with particle ensembles
including (1) n = 100 and (2) 104 samples are compared with (black

dash dot) the reference PDF (10). In panels (a) and (b), DET estimates
with constant and linear elements are depicted, respectively

depends on n. A density-tree implementation is available via
the MLPACK library (Curtin et al. 2013). For the LL-OPT
computations, the implementation cited by Jiang et al. (2016,
section 7)was applied.Weused the outlined implementations
with prescribed standard parameter values.

In the following one- and two-dimensional examples,
MISE ensemble averages ⟨ . . . ⟩ were approximated based
on 50 samples. Moreover, for the DET method, based on
these samples, average number of DEs ⟨m⟩ and tree depths
⟨nt ⟩ are reported. Here, nt for one DET sample corresponds
to the maximal depth within the tree.

We start our assessment of the DET method, by compar-
ing in Sects. 3.1 and 3.2 the different DET variants to the
established KDE method of Botev et al. (2010). In a next
set of comparisons contained in Sect. 3.3, we focus on linear
DETs with equal-size splits and compare with density trees,
LL-OPTs, and histograms.

3.1 One-dimensional examples

If not stated otherwise, for the following one-dimensional
adaptive KDE, a grid with 214 = 16,384 nodes or cosine

modes was deployed (Botev 2007). The following one-
dimensional examples involving normal mixture densities
were taken from (Marron and Wand 1992).

3.1.1 Kurtotic unimodal PDF

First, we inspect the performance of the DET estimator for
the kurtotic unimodal distribution no. 4 in their paper, i.e.,

p(x) = 2
3N (0, 1)+ 1

3N (0, 1/10), (10)

where N (µ, σ ) is the normal distribution with mean µ and
standard deviation σ . Exemplary estimates resulting from the
DET method and KDE are depicted together with expres-
sion (10) in Fig. 1. The DET method adaptively allocates
finer bins in the region where part N (0, 1/10) dominates and
resorts to larger DEs to represent N (0, 1). The corresponding
MISEs are depicted in Fig. 2a as a function of the number
of samples n. A power-law decay with exponents between
−1/2 and −1 is observed for all DET estimators and the
adaptive KDE. The linear DET methods and adaptive KDE
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Fig. 2 Estimation of kurtotic unimodal PDF (10). Evolutions of a the
MISE and d the mean Hellinger distance as a function of the number of
samples n for DET estimators (red solid and blue dashed) with equal-
size (symbols) and -score splits (no symbols) are plotted. TheMISE and
mean Hellinger distance resulting from the adaptive KDE is included
as well (black dash dot). For the DET estimators the resulting mean

numbers of DEs ⟨m⟩ and mean tree depths ⟨nt ⟩ are given in panels (b)
and (c), respectively. Power-law and logarithmic scalings with expo-
nents indicated in the figure legends are depicted (gray thick solid).
Exemplary 95% confidence intervals are provided for the linear DET
estimator with size splits

share approximately the same decay rate, with KDE having
a smaller MISE than the DET variants.

Besides the inferior MISE decay rate, constant DEs
requiremoreDEs as is seen in Fig. 2b.Here, themean number
of constant and linear DEs grows approximately with n1/4

and n1/8 for large n. The number of DEs ⟨m⟩ determines the
computational cost associated with the DET construction.
These growth rates are independent of the splitting method.
While the DET splitting method has little effect on ⟨m⟩ and
the MISE, the tree growth, measured by ⟨nt ⟩, is smaller for
size- versus score-based splitting (see Fig. 2c). However, in
both cases, ⟨nt ⟩ increases logarithmically with n to a good
approximation.

With m and nt being discrete variables and the DE split-
ting being a discrete process, the DET datasets in Fig. 2 are
not as smooth as, for example, the MISE decay in the adap-
tive KDE. Deviations from regular scalings in the present,
and more so in the next examples, are especially apparent

for small n, where the DETs are comprised of few splitting
levels and DEs. In Fig. 2, exemplary 95% confidence inter-
vals (given a Gaussian likelihood model) illustrate that the
ensembles of density estimator realizations used in this work
are sufficiently large to keep statistical uncertainties small.

3.1.2 Outlier PDF

In a next step, we study the DET estimator for the outlier
distribution no. 5 from (Marron and Wand 1992) given by

p(x) = 1
10N (0, 1)+ 9

10N (0, 1/10). (11)

The PDF estimates and resulting MISE are plotted in Fig. 3.
Except for the slightly worseMISE of the DET variants com-
pared with KDE, all previous observations from the kurtotic
unimodal distribution (10) carry over to the present case.
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Fig. 3 a PDF estimates resulting from (blue thin solid) adaptive KDE
and (red thick solid) the size-split linear DET method based on a par-
ticle ensembles with n = 106 samples are compared with (black dash

dot) the reference PDF (11). The corresponding MISE evolution as a
function of the number of samples n is shown in panel (b) like in Fig. 2a

3.1.3 Asymmetric claw PDF

The third test distribution is the asymmetric claw distribution
no. 12 (Marron and Wand 1992), i.e.,

p(x) = 1
2N (0, 1)+

2∑

l=−2

21−l

31
N
(
l + 1

2 , 2
−l/10

)
. (12)

Estimates of this PDF based on the size-based DET estima-
tors and adaptive KDE are included in Fig. 4a and illustrate
the adaptive bin width selection of the DET method based
on the local sample density. The MISE decay given in panel
(b) is slightly closer to the adaptive KDE compared with the
previous cases. Again a logarithmic growth of the tree depth
as a function of the ensemble size n is recovered with similar
depths like in the previous examples as seen in Fig. 2c.

3.1.4 Spiky uniforms PDF

The previous test cases have focused on Gaussian mixtures.
The next three examples deal with different PDFs like the
spiky uniforms distribution taken from (Wong and Ma 2010,
example 6) and given by

p(x) = 1
2U (0.23, 0.232)+ 1

2U (0.233, 0.235), (13)

where U (a, b) is a uniform distribution defined on the inter-
val [a, b]. DET-based density estimates and adaptive KDE
are compared in Fig. 5. We can observe that while the DET
methods tend to produce oscillations at the bounds of the
uniforms, the adaptive KDE is subject to noise apparent
in the constant sections of the uniforms. This difficulty is
detected as well by the MISE plotted in Fig. 6a, where the
DETmethods converge faster with approximately 1/n to the
true density compared to adaptiveKDEwith 1/

√
n. TheDET

methods becomemore accurate thanKDEfor ensembleswith

n > 103. The mean tree depth of the DET method shown in
Fig. 6b and the mean number of DEs (not shown) display
logarithmic and sublinear growth as observed previously. As
an exception to all one-dimensional cases considered, for the
spiky uniform distribution, there is no advantage in terms
of MISE convergence, number of DEs, and tree depth when
using linear vs. constant DEs. Given the piecewise constant
form of the PDF, this is expected.

3.1.5 Beta PDF

In our fifth example, we perform density estimation based on
data derived from the beta PDF

p(x) = Γ (α + β)

Γ (α)Γ (β)
xα−1(1 − x)β−1 (14)

with x ∈ [0, 1], parameters α = 1.05 and β = 0.8, and
where Γ (x) is the gamma function. Exemplary resulting
estimates are depicted in Fig. 7. While in the flat region of
PDF (14) the constant DET estimator allocates few large
elements, increasingly fine bins are placed toward the peak
at x = 1. The linear DET estimator behaves similarly but
requires fewer elements. In comparison with adaptive KDE,
one can observe in Fig. 8a that the DET methods converge
faster and that the linear DET variants are more accurate.
Unlike in the previous examples, it becomes apparent from
Fig. 8b that the score-split DET variants lead to smaller trees
than their size-split counterparts.

3.1.6 Gamma PDF

The last one-dimensional example considered in this work is
the gamma PDF

p(x) = xa−1e−x/b

baΓ (a)
(15)
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Fig. 4 a PDF estimates resulting from (blue thin solid) adaptive KDE
and (red thick solid) size-split (1) constant and (2) linear DETs based on
a particle ensembles with n = 104 samples are compared with (black

dash dot) the reference PDF (12). The corresponding MISE evolution
andmean tree depth as a function of the number of samples n are shown
in panels (b) and (c) like in Fig. 2

with x going from 0 to ∞ and parameters a = 2/3 and
b = 50. As is visible from Fig. 9, this PDF is skewed and
goes to infinity for x → 0. The MISE results included in
the figure document the accuracy of the DET estimators.
The ability of the adaptive KDE to resolve the singularity
of PDF (15) becomes for n ≈ 104.5 limited by the number
of grid points or cosine modes applied for its calculation.
Increasing this number from 214 to 217 = 131,072 shifts
the resolution limit to larger n as is shown in Fig. 9b. For
the gamma PDF as for the beta PDF, score-based splitting
is slightly more effective than size-based splitting leading to
smaller trees with fewer DEs.

3.2 Two-dimensional examples

For the adaptive KDEs in the following two-dimensional
cases, a gridwith 210×210 = 1,048,576 nodeswas deployed
(Botev 2007).

3.2.1 Bi-variate Gaussian PDF

Before looking at more complex bi-variate distributions, we
consider the joint Gaussian PDF

p(x) = exp
[
− 1

2 (x − µ)⊤C−1(x − µ)
]

√
(2π)2 det(C)

(16)

with unbound probability space x = (x1, x2)⊤, mean vector
µ = (0, 0)⊤, and covariance matrix

C =
(

4.0 −2.28
−2.28 1.44

)
.

Gaussian PDFs are important in many applications, which
emphasizes the present case. Resulting size-split linear DET
estimates are compared with KDE and joint PDF (16) in
Fig. 10. The adaptivity of the DET method is illustrated
in panel (a), where regions of small density variation are
represented by large DEs and sections with high varia-
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Fig. 5 PDF estimates resulting from (blue thin solid) adaptive KDE
and (red thick solid) the size-split DET method with particle ensembles
including (1) n = 100 and (2) 105 samples are compared with (black

dash dot) the reference PDF (13). In panels (a) and (b), DET estimates
with constant and linear elements are depicted, respectively
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Fig. 6 Estimation of spiky uniforms PDF (13). a Evolutions of the
MISE as a function of the number of samples n for DET estimators
(red solid and blue dashed) with equal-size (symbols) and -score splits
(no symbols) are plotted. The MISE resulting from the adaptive KDE is

included as well (black dash dot). For the DET estimators, the resulting
mean tree depths ⟨nt ⟩ are given in panel (b). Power-law and logarith-
mic scalings with exponents indicated in the figure legends are depicted
(gray thick solid)
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Fig. 7 PDF estimates resulting from (blue thin solid) adaptive KDE
and (red thick solid) the size-split DET method with particle ensembles
including (1) n = 104 and (2) 106 samples are compared with (black

dash dot) the gamma PDF (14). In panels (a) and (b), DET estimates
with constant and linear elements are depicted, respectively
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Fig. 8 Estimation of beta PDF (14). See Fig. 6
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Fig. 9 a PDF estimates resulting from (blue thin solid) adaptive KDE
and (red thick solid) the size-split linear DET method based on a par-
ticle ensembles with n = 103 samples are compared with (black dash
dot) the reference PDF (15). The corresponding MISE evolution as a

function of the number of samples n is shown in panel (b) like in Fig. 2a.
In addition to the adaptive KDE with 214 grid points (black dash dot),
MISE results based on n17 points (black dash dot with symbol) are
provided

Fig. 10 PDF estimates
resulting from adaptive KDE
and the size-split linear DET
method based on particle
ensembles with a n = 104 and b
n ≈ 106.5 samples are compared
with the reference PDF (16)
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tion were subdivided into several smaller elements.2 The
decay of the MISE depicted in Fig. 11a is similar to the
one-dimensional Gaussian mixture cases, but the conver-
gence rates are slightly smaller (compare, for example, with
Fig. 2). Again, adaptive KDE is more accurate than the
DET variants and the DE tree growth is logarithmic as
seen in Fig. 11c. Moreover for large n, the mean number

2 In the singular case of linearly dependent components x1 and x2,
many small DEs, resolving the probability peak along the diagonal of
the x1-x2-space, result from a DET estimator.

of DEs increases sublinearly with approximately n1/4 (see
Fig. 11b).

Figure 10a reveals a weakness of the present DETmethod
in comparison with KDE, as the DET estimators or DET
parametrizations will depend on the orientation of the coor-
dinate system. In case of alignment of the joint Gaussian
PDF (16) with the x1-x2-coordinate system, the DET estima-
tors will require fewer DEs and will be more accurate. This
implies the use of a covariance-matrix-based principle axes
transform [e.g., Silverman 1998, equation (4.7)], to achieve
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Fig. 11 Estimation of bi-variate Gaussian PDF (16). See Fig. 2. In panel (c), the data series from the score-split DETs coincide
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Fig. 12 Estimation of bi-variate Gaussian PDF (16). a PDF estimate
resulting from the linear size-split DET method combined with a prin-
ciple axes transform and based on a particle ensemble with n = 104

samples.bEvolutions of the correspondingMISE for the indicatedDET
estimators and KDE as a function of the number of samples n. All DET
variants were combined with a principle axes transform

parametrization invariance and increased accuracy and com-
putational efficiency.An illustration is given in Fig. 12,where
results from DET estimators combined with principle axes

transforms are provided. However, in order to demonstrate
the versatility of the DET method, this approach is not pur-
sued further in the present work.
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Fig. 13 PDF estimates resulting from adaptive KDE and size-split DET methods with a constant and b linear DEs based on particle ensembles
with (1) n = 104 and (2) n ≈ 106.5 samples are compared with the reference PDF (17)

3.2.2 Uniform on an ellipse

Next, the two-dimensional case with uniform density on an
ellipse outlined in (Botev et al. 2010, p. 2942) is inspected.
The PDF is given by

p(x) =
{
1/π ∀ x ∈ {x|x21 + (4x2)2 ≤ 4}
0 otherwise

(17)

and in Fig. 13 KDE and DET-based estimation results based
on ensembles stemming from this PDF are provided. Like in
the one-dimensional case with uniform PDFs (see Fig. 5a2,
b2), constant DEs lead to smaller oscillations at the inter-
face, where PDF (17) switches from 0 to 1/π (compare
ranges of color bars in panels (1) and (2) of Fig. 13).
However, while the adaptive KDE displays a noisy den-
sity estimate within the ellipse, the DET variants capture
the constant density quite accurately. This is reflected in
the MISE results shown in Fig. 14a, where for n > 105

the DET estimators converge faster to the true PDF and
become more accurate compared with adaptive KDE. Given
the piecewise constant PDF (17), linear DEs are as good as
constant elements and like the MISE, the mean number of
DEs ⟨m⟩ shown in Fig. 14b and the mean tree depth ⟨nt ⟩ (not
shown) behave similarly for both DE types. For large n, ⟨m⟩
increases approximately as

√
n and ⟨nt ⟩ (not shown) grows

similarly as in the one-dimensional spiky uniforms case (see
Fig. 6b).

One might argue that—in the absence of a princi-
ple axes transform—the present setup, with the ellipse
aligned with the coordinate system, is in favor of the DET
method. In an additional study, the performance of the
DET method was inspected for the ellipse rotated by an
angle of π/4. With this modified setup, similar results
were found, with the DET variants surpassing KDE at
n ≈ 2 × 105 and with ⟨m⟩ starting from 6 elements at
n = 100 and growing to similar numbers as in the unrotated
case.
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Fig. 14 Estimation of the bi-variate uniform PDF (17). a Evolutions of
the MISE as a function of the number of samples n for DET estimators
(red solid and blue dashed) with equal-size (symbols) and -score splits
(no symbols) are plotted. The MISE resulting from the adaptive KDE is

included as well (black dash dot). For the DET estimators, the resulting
mean number of DEs ⟨m⟩ is given in panel (b). Power-law scalings with
exponents indicated in the figure legends are depicted (gray thick solid)

3.2.3 Bi-variate Dirichlet PDF

The third bi-variate case addressed in this work is the Dirich-
let PDF given by

p(x) = Γ (α1 + α2 + α3)

Γ (α1)Γ (α2)Γ (α3)
xα1−1
1 xα2−1

2 (1 − x1 − x2)α3−1

(18)

∀ x ∈ {x|x1 + x2 ≤ 1 ∨ x1 ≥ 0 ∨ x2 ≥ 0} and = 0 other-
wise, with parameters α1 = 0.9, α2 = 1.5, and α3 = 3. The
Dirichlet PDF (18) is a bi-variate generalization of the uni-
variate beta PDF (14). PDF (18) is depicted together with
KDE results and DET estimates for two differently sized
ensembles in Fig. 15. The DET method provides for both
ensembles estimates that are in good agreement with the true
density. MISE results are compared in Fig. 16a and it is seen
that like in the beta PDF example, the linear DET variants are
most accurate, followed by their constant counterparts and
adaptive KDE. As seen in Fig. 16b, the size-split DET meth-
ods produce the smallest trees with the linear DET approach
being the most efficient. The mean number of DEs ⟨m⟩ (not
shown) increases with n like in the bi-variate Gaussian case.
The linear DEs and size-based splitting have the smallest
⟨m⟩, and all DET variants scale approximately with n1/4 for
n large (see Fig. 11b).

Rotating the bi-variate Dirichlet PDF by π/4 has a bigger
impact on the DET performance as in the previously dis-
cussed ellipse case.While theMISE error decay rates remain
similar, the MISEs of the DET variants are larger than KDE
for small n and surpass KDE for n between 104 and 105.

In addition to the previousMISE-based performance anal-
yses, we have evaluated the accuracy of the DET estimator

with Hellinger (e.g., Wang and Wang 2015) and total vari-
ation distances (Shorack 2000, p. 543). These metrics are
based on differences of square roots of densities and abso-
lute density differences, respectively, and therefore penalize
strong deviations less than the MISE. Since occasional out-
liers are more likely in the DET estimator and regular small
noise is an issue in the adaptive KDE method (see for exam-
ple Fig. 5b2), the DET estimator was found to perform better
than KDE in terms of Hellinger distance metric as opposed
to MISE [see exemplary comparison in Fig. 2, panels (a) and
(d)]. In terms of total variation distance, the relative perfor-
mance among the estimators and convergence trends were
found to be overall similar to the MISE results.

3.3 Comparisons histogram and tree-based methods

In the previous two sections, we found that the linear DET
variant is most accurate with little difference between size-
and score-based splitting. Accordingly, we proceed in this
and the next sections by focusing on linear DETs with
size-based splits. In Fig. 17, a summary of MISE decay
curves resulting from the histogram, LL-OPT, density tree,
and linear DET estimators for all one- and two-dimensional
examples is provided. Due to the rapidly growing compu-
tational costs associated with the density-tree estimator, we
stop after n = 31,623 ≈ 104.5. The computing time for one
density-tree estimate of, e.g., the beta PDF example with 105

samples took around 10 minutes. Fig. 17 is accompanied by
exemplary PDF estimates included in Fig. 18. These esti-
mates resulted from ensembles with n = 3163 samples.

One general observation from the MISE curves in Fig. 17
is the good accuracy of the DET estimator. While histograms
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Fig. 15 PDF estimates
resulting from adaptive KDE
and the size-split linear DET
method based on particle
ensembles with a n = 104 and b
n ≈ 106.5 samples are compared
with the reference PDF (18)
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Fig. 16 Estimation of Dirichlet PDF (18). See Fig. 6

with bin widths determined by the normal reference rule
are reasonably accurate in the Gaussian mixture cases, they
are inaccurate in the other cases. The density-tree estimator
leads to mixed results and is most accurate for the exam-
ples involving uniform distributions (see Fig. 18b). A MISE

convergence that comes quite close to the DET estimator
is resulting from the LL-OPT method. Notable is finally a
reduction in MISE decay rates when going from one to two
dimensions as seen in Fig. 17. This is an indication of the
curse of dimensionality mentioned in the introduction.
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Fig. 17 MISE decay as a function of the number of samples n for the
indicated one- and two-dimensional cases. Results from (blue solid)
histogram, (magenta dashed) LL-OPT, (black thick solid) density tree,

and (red symbols) size-split linear DET estimators are shown together
with (gray thick solid) power-law scalings n−0.25, n−0.5, and n−1
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Fig. 18 PDF estimates resulting from (blue thin solid) histogram,
(magenta dashed) LL-OPT, and (black thick solid) density tree esti-
mators with n = 3163 samples are compared with (black dash dot) the

reference PDFs (12) and (13). In panels (a) and (b), the asymmetric
claw (12) and spiky uniforms (13) PDFs, respectively, are depicted
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Fig. 19 Estimation of the four-dimensional jointGaussian PDF.aEvo-
lutions of the MISE and b computing time as a function of the number
of samples n for histograms (blue solid), LL-OPT (dashed magenta),
density tree (black thick solid), and DET (red solid symbols) estimators,

and adaptive KDE (black dash dot) are plotted. In panel (b), the tree
construction time for the DET estimator (red dashed symbol) is plotted
as well

3.4 Four- and seven-dimensional examples

Next, we assess the performance of the linear DET method
with equal-size splits together with the other estimators in
examples involving four and seven sample-space dimen-
sions.

3.4.1 High-dimensional Gaussian PDF

In a first multi-dimensional example, we reuse the joint
Gaussian PDF (16) with d-dimensional probability space
x = (x1, x2, . . . , xd)⊤, mean vector µ being zero, and d × d
covariance matrix C. In a first step, we inspect the perfor-
mance of the different methods for d = 4 with the randomly
chosen covariance matrix

C =

⎛

⎜⎜⎝

1 −0.344 0.141 −0.486
−0.344 1 0.586 0.244
0.141 0.586 1 −0.544

−0.486 0.244 −0.544 1

⎞

⎟⎟⎠ .

In Fig. 19a, MISE decays from the different estimators
are compared. KDE performs best, followed by the DET
estimator, which shares the same empirically determined
convergence rate of approximately 1/

√
n. The other esti-

mators perform similarly to histograms. The data series of
the density tree and KDE methods stop at n ≈ 104.5 and
105.5, respectively, due to the rapidly growing computing
times of these estimators (see discussion in the introduc-
tion 1).

An analysis of computing times per density estimate is
provided in Fig. 19b. The reported times are comprised of
the construction of the estimator and density queries based
on the estimator. The number of query points in the MC

integration is kept constant for different estimators and num-
ber of samples n. This explains the plateaus for small n in
the LL-OPT, density tree, and histogram estimators, where
the computing times for small n are governed by the query
effort. For increasing n, the estimator construction becomes
noticeable, leading to growing times. In the KDE, the query
cost is connected to the number of samples, which leads
to a continuous increase in computing time. The relatively
small growth in computing time of the DET estimator is
based on two factors document in Fig. 20: (panel a) the
query time, which is driven by the logarithmically increasing
tree depth, grows slowly compared to (b) the tree construc-
tion time, which depends on an exponential but sublinear
growth in DEs ⟨m⟩. The construction time is plotted in
Fig. 19b and shown to converge to the total DET comput-
ing time, as the query time becomes comparably small for
large n.

In a next step, the dimensionality is increased to seven
with the covariance matrix

C =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −0.216 0.161 −0.0496 0.0342 −0.116 0.749
−0.216 1 0.301 0.0391 −0.217 0.0189 −0.381
0.161 0.301 1 0.574 −0.312 0.109 0.386

−0.0496 0.0391 0.574 1 −0.438 0.730 −0.0572
0.0342 −0.217 −0.312 −0.438 1 −0.475 0.258
−0.116 0.0189 0.109 0.730 −0.475 1 −0.386
0.749 −0.381 0.386 −0.0572 0.258 −0.386 1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

again chosen randomly. The corresponding MISE and com-
puting time curves for this example are provided in Fig. 21.
Compared to the previous four-dimensional case, the MISE
convergence rate shown in panel (a) has reduced to n−1/4

for the DET estimator (curse of dimensionality). Unlike in
the previous case, the DET estimator becomes more accu-
rate than adaptive KDE for n > 5000. While the LL-OPT
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Fig. 20 a Mean tree depths ⟨nt ⟩ and b mean number of DEs ⟨m⟩ of the DET estimator in the examples involving the (lines) four- and (symbols)
seven-dimensional (blue dashed) Gaussian and (red solid) Dirichlet PDFs
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Fig. 21 Estimation of the seven-dimensional joint Gaussian PDF. See Fig. 19

estimator has a similar MISE convergence rate for large n
like the DET estimator, the density tree and histogramMISE
are similar, like in the previous four-dimensional case. The
computing times reported in Fig. 21b show similar trends
as well. Unlike in the four-dimensional case, however, we
can identify the growth originating from the tree construc-
tion process at large nmore clearly.Moreover, the computing
times have increased noticeably compared to d = 4, which
is documented as well in Fig. 20, where mean tree depth and
number of DEs are higher for larger dimensionality d.

3.4.2 High-dimensional Dirichlet PDF

A d-dimensional generalization of the Dirichlet PDF (18) is
given by

p(x) =
Γ
(∑d+1

i=1 αi

)

∏d+1
i=1 Γ (αi )

d∏

i=1

xαi−1
i

(

1 −
d∑

i=1

xi

)αd+1−1

(19)

∀ xi ≥ 0 and
∑d

i=1 xi ≤ 1 with parameter vector α =
(α1, . . . ,αd+1)having componentsαi > 0.Again twoexam-
ples of different dimensionality are considered, that is a
four-dimensional case with

α = (6.13, 9.29, 10.6, 8.24, 3.91)⊤

and a seven-dimensional case with

α = (9, 5.71, 8.96, 4.51, 5.81, 4.06, 10.7, 1.51)⊤.

Both parameter vectors were chosen randomly. MISE con-
vergence curves for both cases are plotted in Fig. 22. Except
for somewhat smaller asymptotic decay rates, the obser-
vations from the previous Gaussian examples carry over
to this case. This holds also true for the computing times
of the different estimators (not shown) that display similar
dependencies on n as seen in the previous section. Finally,
by inspecting the mean tree depth and number of DEs in
Fig. 20, we can observe that they grow again approximately
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Fig. 22 Estimation of the a four- and b seven-dimensional Dirichlet PDFs. Evolutions of the MISE as a function of the number of samples n are
plotted. See Fig. 19
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Fig. 23 Estimations of a beta PDF (14) and b seven-dimensional
Dirichlet PDF (19). Evolutions of theMISE as a function of the number
of samples n for linear DET estimators with equal-size splits and χ2 test
statistics with significance level (red solid symbol) α = 0.001, (blue

dashed symbol) α = 0.01, (blue dashed) α = 0.0001, and (red solid)
KS andKendall’s τ test statisticswithα = 0.001 are plotted. Power-law
and logarithmic scalings with exponents indicated in the figure legends
are depicted (gray thick solid)

logarithmically and sublinearly with a dependence on the
dimension.

3.5 Dependence on test parameters and test statistic

All previous results were obtained with DET methods that
were based on χ2 test statistics both for goodness-of-fit and
independence with identical significance levels αg = αd =
0.001, respectively. To inspect the influence of the choice of
the test statistic on one hand, we performed DET computa-
tions with KS and Kendall’s τ tests for goodness-of-fit and
independence, respectively, while keeping the significance
levels unchanged. On the other hand, we varied the signifi-
cance level α = αg = αd by factors of 0.1 and 10, while

maintaining the χ2 test statistics. No significant changes in
the DET estimator performance were found with these vari-
ations as is, for example, shown in Fig. 23, where MISE
results for the one-dimensional beta and seven-dimensional
Dirichlet cases are provided.

By varying, however, the significance level α, a depen-
dence of the mean number of DEs is expected as is seen
in Fig. 24. While an increase in α leads to an increase in
the number of elements, more elements do not necessar-
ily translate into higher accuracy or reduced MISE. This
is due to a bias/variance trade-off, where as α is increased
bias/statistical errors de-/increase, respectively, and vice
versa. As a result, the total error or MISE does not change
significantly.

123



630 Stat Comput (2018) 28:609–632

102 104 106

n

100

101
m

ea
n 

nu
m

be
r o

f D
Es

 
m

2  = 10-3

2  = 10-2

2  = 10-4

KS
n0.125,0.25,0.5,1

(a)

102 104 106

n

101

102

103

104

m
ea

n 
nu

m
be

r o
f D

Es
 

m

2  = 10-3

2  = 10-2

2  = 10-4

KS+Kendall's 
n-0.0625,-0.125,-0.25

(b)

Fig. 24 Estimations of a beta PDF (14) and b seven-dimensional Dirichlet PDF (19). Evolutions of the mean number of DEs ⟨m⟩ are depicted.
See Fig. 23

4 Concluding remarks

The DET estimator provides an analytical density repre-
sentation based on piecewise constant, linear, and pos-
sibly higher-order functions. This representation can be
efficiently assembled and evaluated at arbitrary probabil-
ity space positions. Therefore, the adaptivity of the DET
method is not limited by a smallest scale that limits,
for example, the performance of a grid-based estimation
method. Unlike adaptive KDE, DET-based estimates pro-
vide limited differentiability, which may be a disadvantage
in some applications. Moreover, unlike combined with a
principal axes transform common in KDE [e.g., Silverman
1998, equation (4.7)], the DET estimator is not invari-
ant to the orientation of the coordinate system. A cor-
responding combination was found to enable an increase
in the computational efficiency and accuracy of the DET
method.

In terms of accuracy, the linear DET method showed, for
the different examples considered, similar or better MISE
convergence rates compared with adaptive KDE. The latter
is, besides the DET method, the most accurate estima-
tor in this study. Constant DEs are advantageous only in
cases, where samples stem from piecewise constant PDFs,
as they lead to smaller oscillations at PDF discontinuities.
The LL-OPT estimator follows in terms of accuracy after
the linear DET estimator. Conventional histograms are least
accurate, but at the same time computationally inexpen-
sive as long as the dimension is not too high. Density
trees were found to provide mixed results in terms of accu-
racy.

Computing times of the DET method were found to scale
in terms of the number of samples favorably compared to
the other estimators. In the DET method, the number of
DEs, which determines the time for the DET construction,

was found to grow sublinearly. In the case of score-based
splitting, there is a theoretical linear upper bound to the
DE growth. The splitting method for the DET construction
was found to have little effect on the number of DEs, but
affects the tree depth. However, irrespective of the method
applied, the mean tree depth scales approximately logarith-
mically with the number of samples. The computational cost
of a density evaluation at a specific point is determined by
the tree depth. By varying the test parameters that guide
the splitting process, i.e., significance levels and test statis-
tics, no significant change in the DET performance was
found.

In conclusion, our new DET method is a good candidate
for a computationally efficient general-purpose density esti-
mator. The MATLAB implementation of the DET method
that was applied in this study is available for download
from the MathWorks File Exchange (tag ‘distribution ele-
ment tree’).

An important element that allowed us to break the
exponential growth of the bin count with respect to the
dimension d is the approximation of (mutual) independence
by pairwise independence. The relation between pairwise
and mutual independence is a subject of ongoing research
(e.g., Nelsen andUbeda-Flores 2012). Besides this important
aspect, to further the DET method, it would be interesting
to inspect the performance of higher-order DEs and more
advanced goodness-of-fit and statistical independence tests.

Appendix: Derivation of MMSE slope estimator

Writingwithout loss of generality the linearmarginal PDF (4)
in a simpler formwith xi ∈ [0, 1] and the subscripts skipped,
we obtain

p(x |θ) =
(
x − 1

2

)
θ + 1.
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By calculating the mean of random variable X based on this
PDF, we obtain ⟨X⟩ = 1

12 (6+ θ), and therefore, can express
the slope parameter in terms of this mean as

θ = 6(2⟨X⟩ − 1). (20)

In the case of a finite ensemble, we estimate the mean with
⟨X⟩n = 1

n

∑n
j=1 x j and the slope by

θ̂ = 6c(2⟨X⟩n − 1).

Here, c is a correction factor that is determined byminimizing
the mean square error (MSE) expressed as

⟨(θ̂ − θ)2⟩ =
〈⎡

⎣6c

⎛

⎝ 2
n

n∑

j=1

x j − 1

⎞

⎠− θ

⎤

⎦
2〉

=
〈

36c2

⎛

⎝ 2
n

n∑

j=1

x j − 1

⎞

⎠
2

−12c

⎛

⎝ 2
n

n∑

j=1

x j − 1

⎞

⎠ θ + θ2

〉

= 36c2
〈
4
n2

n∑

j=1

n∑

k=1

x j xk − 4
n

n∑

j=1

x j + 1

〉

−12c(2⟨X⟩ − 1)θ + θ2

= 36c2

⎛

⎝ 4
n2

〈 n∑

j=1

n∑

k=1

x j xk

〉

− 4⟨X⟩ + 1

⎞

⎠

−12c(2⟨X⟩ − 1)θ + θ2

= 36c2

⎛

⎜⎜⎝
4
n2

〈 n∑

j=1

n∑

k=1
k ̸= j

x j xk +
n∑

j=1

x2j

〉

− 4⟨X⟩ + 1

⎞

⎟⎟⎠

−12c(2⟨X⟩ − 1)θ + θ2

= 36c2
[
4(n − 1)

n
⟨X⟩2 + 4

n
⟨X2⟩ − 4⟨X⟩ + 1

]

−12c(2⟨X⟩ − 1)θ + θ2.

To determine the minimum MSE, we set

d
dc

⟨(θ̂ − θ)2⟩ = 72c
(
4(n − 1)

n
⟨X⟩2 + 4

n
⟨X2⟩

−4⟨X⟩ + 1
)

−12(2⟨X⟩ − 1)θ = 0,

which leads for the correction factor to

c = (2⟨X⟩ − 1)nθ

6[4(n − 1)⟨X⟩2 + 4⟨X2⟩ − 4n⟨X⟩ + n]

= (2⟨X⟩ − 1)nθ

6(4n⟨X⟩2 − 4⟨X⟩2 + 4⟨X2⟩ − 4n⟨X⟩ + n])

= (2⟨X⟩ − 1)nθ

6[n(2⟨X⟩ − 1)2 + 4⟨X ′2⟩]

= 6n(2⟨X⟩ − 1)2

6[n(2⟨X⟩ − 1)2 + 4⟨X ′2⟩] . (21)

For n → ∞ the correction factor c goes to one.
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