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VORTEX METHODS (2D)

Velocity-Vorticity Form of the Navier-Stokes Equations
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about the center of the grid was then 
perturbed to (U = ln,V = 114). These 
conditions were then perturbed with f 1% 
random noise in order to break the square 
symmetry. The system was then integrated 
for 200,000 time steps and an image was 
saved. In all cases, the initial disturbance 
propagated outward from the central 
square, leaving patterns in its wake, until 
the entire grid was affected by the initial 
square perturbation. The propagation was 
wave-like, with the leading edge of the 
perturbation moving with an approximately 
constant velocity. Depending on the param- 
eter values, it took on the order of 10,000 to 
20,000 time steps for the initial perturbation 
to spread over the entire grid. The propaga- 
tion velocity of the initial perturbation is 
thus on the order of 1 x space units per 
time unit. After the initial period during 
which the perturbation spread, the system 
went into an asymptotic state that was either 
time-independent or time-dependent, de- 
pending on the parameter values. 

Figures 2 and 3 are phase diagrams; one 
can view Fig. 3 as a map and Fig. 2 as the key 
to the map. The 12 patterns illustrated in 
Fig. 2 are designated by Greek letters. The 
color indicates the concentration of U with 
red representing U = 1 and blue represent- 
ing U = 0.2; yellow is intermediate to red 
and blue. In Fig. 3, the Greek characters 
indicate the pattern found at that point in 

parameter space. There are two additional 
symbols in Fig. 3, R and B, indicating 
spatially uniform red and blue states, respec- 
tively. The red state corresponds to (U = 
l,V = 0) and the blue state depends on the 
exact parameter values but corresponds 
roughly to (U = 0.3,V = 0.25). 

Pattern a is time-dependent and consists 
of fledgling spirals that are constantly col- 
liding and annihilating each other: full 
spirals never form. Pattern is time-depen- 
dent and consists of what is generally called 

phase turbulence (8), which occurs in the 
vicinity of a Hopf bifurcation to a stable 
periodic orbit. The medium is unable to 
synchronize so the phase of the oscillators 
varies as a function of position. In the 
present case, the small-amplitude periodic 
orbit that bifurcates is unstable. Pattern y is 
time-dependent. It consists primarily of 
stripes but there are small localized regions 
that oscillate with a relatively high frequen- 
cy (- The active regions disappear, 
but new ones always appear elsewhere. In 
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Fig. 1. Phase diagram of the reaction kinetics. 
Outside the region bounded by the solid line, 
there is a single spatially uniform state (called 
the trivial state) (U = 1, V = 0) that is stable for 
all (F, k). Inside the region bounded by the solid 
line, there are three spatially uniform steady 
states. Above the dotted line and below the 
solid line, the system is bistable: There are two 
linearly stable steady states in this region. As F 
is decreased through the dotted line, the non- 
trivial stable steady state loses stability through 
Hopf bifurcation. The bifurcating periodic orbit 
is stable for k < 0.035 and unstable for k > 
0.035. No periodic orbits exist for parameter 
values outside the region bounded by the solid 
line. 

. Ig. 2. The key to the map. The patterns shown in the figure are designated by Greek letters, which 
are used in Fig. 3 to indicate the pattern found at a given point in parameter space. 

Flg. 3. The map. The Greek letters 
indicate the location in parameter 
space where the patterns in Fig. 2 
were found; B and R indicate that 
the system evolved to uniform blue 

0.06 and red states, respectively. 
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Figure 1: On the left, different patterns obtained with Gray-Scott system. The Greek
letters on the right figure indicate the locations in the parameter space which correspond to
the patterns on the images on the left. Both figures are taken from "Complex Patterns in a
Simple Systems" by J.E. Pearson.

Reaction Diffusion

Reaction-Diffusion processes describe the evolution of concentrations of one or more substances
distributed in a space. The substance concentrations are modified by chemical reactions and
their distribution is governed by diffusion. The corresponding reaction-diffusion equation for
M different species with respective concentration fields u
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and diffusion coefficients D
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has
following form:
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), we are dealing with a system of coupled PDEs.

We will consider Gray-Scott system, a reaction-diffusion system consisting of two chemical
species with respective concentrations u and v and corresponding diffusion terms D
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, D

v

,
which are subjects to the following reaction-diffusion equation:
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The terms F and k are model parameters. The Gray-Scott system results in a formation of
various patterns, see Figure 1 for few examples, where different pattern modes are obtain by
different combination of values for model parameters F and k.

2

Reaction-Diffusion system (see Project 3 from HPCSE I):

u, v: chemical species!
F, k: model parameters
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can view Fig. 3 as a map and Fig. 2 as the key 
to the map. The 12 patterns illustrated in 
Fig. 2 are designated by Greek letters. The 
color indicates the concentration of U with 
red representing U = 1 and blue represent- 
ing U = 0.2; yellow is intermediate to red 
and blue. In Fig. 3, the Greek characters 
indicate the pattern found at that point in 

parameter space. There are two additional 
symbols in Fig. 3, R and B, indicating 
spatially uniform red and blue states, respec- 
tively. The red state corresponds to (U = 
l,V = 0) and the blue state depends on the 
exact parameter values but corresponds 
roughly to (U = 0.3,V = 0.25). 

Pattern a is time-dependent and consists 
of fledgling spirals that are constantly col- 
liding and annihilating each other: full 
spirals never form. Pattern is time-depen- 
dent and consists of what is generally called 

phase turbulence (8), which occurs in the 
vicinity of a Hopf bifurcation to a stable 
periodic orbit. The medium is unable to 
synchronize so the phase of the oscillators 
varies as a function of position. In the 
present case, the small-amplitude periodic 
orbit that bifurcates is unstable. Pattern y is 
time-dependent. It consists primarily of 
stripes but there are small localized regions 
that oscillate with a relatively high frequen- 
cy (- The active regions disappear, 
but new ones always appear elsewhere. In 

o . I ~ , _..-. .... , ,I 
___...-- ._..-- 

0.0 
0.00 0.02 0.04 0.06 0.08 

k 
Fig. 1. Phase diagram of the reaction kinetics. 
Outside the region bounded by the solid line, 
there is a single spatially uniform state (called 
the trivial state) (U = 1, V = 0) that is stable for 
all (F, k). Inside the region bounded by the solid 
line, there are three spatially uniform steady 
states. Above the dotted line and below the 
solid line, the system is bistable: There are two 
linearly stable steady states in this region. As F 
is decreased through the dotted line, the non- 
trivial stable steady state loses stability through 
Hopf bifurcation. The bifurcating periodic orbit 
is stable for k < 0.035 and unstable for k > 
0.035. No periodic orbits exist for parameter 
values outside the region bounded by the solid 
line. 

. Ig. 2. The key to the map. The patterns shown in the figure are designated by Greek letters, which 
are used in Fig. 3 to indicate the pattern found at a given point in parameter space. 

Flg. 3. The map. The Greek letters 
indicate the location in parameter 
space where the patterns in Fig. 2 
were found; B and R indicate that 
the system evolved to uniform blue 

0.06 and red states, respectively. 
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Sample parameters:!
F=0.03, k=0.062, Du=2e-5, Dv=1e-5

Gray-Scott reaction-diffusion
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Parallel Granular Flow 



Discrete element method — a numerical technique for modelling particle systems by tracking 
each particle’s movement and its interaction with its surrounding [1]

[1] Cundall, Strack, Geotechnique, 1979

Fei Fang Chung et al. , Granular Material, 2009

Simulations by CSE-LAB

Granular flow: Discrete element method



by the Finite Element Method. However such an approach is
from the computational viewpoint too time-consuming. There-
fore several simplified force models [9–20] were developed and
applied instead. These models do not account for effects like
breakage which was studied in detail for glass spheres by
Salman and Gorham [21]. A review of some of the models
summarized here was performed earlier by Schäfer et al. [22],
Stevens and Hrenya [23] and Zhang and Vu-Quoc [24].

In dry, non cohesive, granular media forces are only acting
between particles being directly in contact. Commonly the
particle shape in Discrete Element Simulations is restricted to
spheres in 3D and discs in 2D. If more complex bodies need to
be incorporated in a simulation these bodies are often realized
by overlapping and combining spheres to clusters [25]. A
collision between clusters can be handled by analyzing
collisions between cylindrical or spherical bodies. A collision
of two simple spherical bodies is shown in Fig. 1.

Forces acting between the two spheres are decomposed into
normal and tangential components. The formation of tangential
and normal stress during the impact can be described as a
decoupled problem. Normal stresses in the contact zone are not
influenced by tangential stresses. In this work we limit
ourselves to normal impacts and therefore normal forces.
The normal unit vector points from the mass centre of particle
j to i:

Yn ¼ ðYxi−YxjÞ=jYxi−Yxjj: ð1Þ

The particle deformation during the contact is characterized
by the overlap or displacement ξ of the two particles:

n ¼ −ðRi þ RjÞ þ ðYxi−YxjÞdYn: ð2Þ

In this equation, the particle radii are given by Ri, Rj and
their positions by Yxi;Yxj. The normal velocity ξ̇, also referred to
as the displacement rate, is obtained from the relative velocities

Fig. 1. Definition of the quantities used for description of the contact.

Fig. 2. (a) Normal force YF nðtÞ, (b) Displacement ξ(t), (c) Displacement rate ξ ˙(t) and (d) Normal force YF nðnÞ for a binary collision of a rubber and a aluminum half
sphere [26].

158 H. Kruggel-Emden et al. / Powder Technology 171 (2007) 157–173
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Catering for Many Particles : Evaluate the force-displacement 
interactions on the GPU, distribute the work on multiple nodes!

Take a look at the HPCSE I Project 1

Accelerating DEM



Uncertainty 
quantification



Parallel Uncertainty Quantification 
and Optimization Framework 
Extension of the core layers 
of the Pi4U framework 
Pi4U [1] is our in-house computa-
tional  framework  for  large  scale 
Bayesian  uncertainty  quantifica-
tion (UQ) and stochastic optimiza-
tion  (SO)  that  can  exploit  mas-
sively  parallel  and  hybrid  (CPU/
GPU) computing architectures.

The framework incorporates sev-
eral  state-of-the-art  stochastic 
algorithms for the computation of 
the likelihood that are capable of 
sampling  from  complex,  multi-
modal posterior distribution func-
tions.

Built  on  top  of  the  TORC  task-
parallel library, it offers straight-
forward  extraction  and  exploita-
tion of multilevel task-based par-
allelism in stochastic optimization 
and sampling algorithms.

Depending  on  his/her  interests 
and background, the student can 
focus on:
(a) the development and study of 

algorithms for UQ and SO
(b) the  extension  and  optimiza-

tion of the framework on par-
allel architectures.

The evaluation can be performed 
using  a  wide  range  of  scientific 
applications developed in our lab, 

without  excluding  applications 
proposed by the students.

This  project  is  suitable  for  both 
Master and Bachelor level.

[1] www.cse-lab.ethz.ch/software/Pi4U

 

 

PREREQUISITES
Good Programming Skills (C/C++)
Desire to Learn and Improvise 

CONTACT 
Panagiotis Hadjidoukas 
Panagiotis Angelikopoulos 

Prof. Petros  Koumoutsakos 
e-mail: petros@ethz.ch 
 	 phadjido@mavt.ethz.ch           

 

S
i

M
1

M
2

M
T

S
1

S
2

S
Ci

C
i

G
0

C
1

C
2

C
G0

G
1

C
1

C
2

C
G1

G
n

C
1

C
2

C
Gn

 D
ip

lo
m

a 
Th

es
is

C
H

A
IR

 O
F 

C
O

M
PU

TA
TI

O
N

A
L 

SC
IE

N
C

E

CSE LAB 
Chair of Computational Science - D-MAVT
WWW.CSE-LAB.ETHZ.CH

In the CSE Lab we combine computational methods, computer science tools and 
domain specific knowledge to solve scientific and Engineering Problems in ar-
eas such as Fluid Mechanics, Nanotechnology and Life Sciences. The core com-
putational competences of our group are in particle methods and in stochastic 
optimization techniques.
Motivated by challenges in application fields, we focus on identifying the com-
mon elements among computational techniques and on formulating common 
methodological, algorithmic and software structures that facilitate their further 
development.

http://www.cse-lab.ethz.ch/software/Pi4U
http://WWW.CSE-LAB.ETHZ.cH
mailto:petros@ethz.ch
mailto:phadjido@mavt.ethz.c
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